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Abstract 

We consider the problem of list edge coloring for planar graphs. Edge coloring is the problem 
of coloring the edges while ensuring that two edges that are incident receive different colors. 
A graph is fc-edge-choosable if for any assignment of k colors to every edge, there is an edge 
coloring such that the color of every edge belongs to its color assignment. Vizing conjectured 
in 1965 that every graph is (A + l)-edge-choosable. In 1990, Borodin solved the conjecture for 
planar graphs with maximum degree A > 9, and asked whether the bound could be lowered 
to 8. We prove here that planar graphs with A > 8 are (A + l)-edge-choosable. 

1 Introduction 

We consider simple graphs. A k-edge-coloring of a graph G is a coloring of the edges of G with k 
colors such that two edges that are incident receive distinct colors. We denote by ~x!(G) the smallest 
k such that G admits a £;-edge-coloring. Let A(G) be the maximum degree of G. Since incident 
edges have to receive distinct colors in an edge coloring, every graph G verifies x'{G) > A(G). A 
trivial upper-bound on x'(G) is 2A(G) — 1, which can can be greatly improved, as follows. 

Theorem 1 (Vizing EH). Every graph G verifies A(G) < yf(G) < A(G) + 1. 

Vizing fl2| proved that x'{G) = A(G) for every planar graph G with A(G) > 8. He gave 
examples of planar graphs with A(G) = 4, 5 that are not A(G)-edge-colorable, and conjectured 
that no such graph exists for A(G) = 6, 7. This remains open for A(G) = 6, but the case A(G) = 7 
was solved by Sanders and Zhao (9), as follows. 

Theorem 2 (Sanders and Zhao HI). Every planar graph G with A(G) > 7 verifies x'(G) = A(G). 

An extension of the problem of edge coloring is the list edge coloring problem, defined as fol- 
lows. For any L : E — > V(N) list assignment of colors to the edges of a graph G = (V, E), the 
graph G is L-edge-colorable if there exists an edge coloring of G such that the color of every edge 
e£E belongs to L(e). A graph G = (V, E) is said to be list k-edge-colorable (or k-edge-choosable) if G 
is L-edge-colorable for any list assignment L such that \L(e)\ > k for any edge e G E. We denote 
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by x'e(G) the smallest k such that G is /c-edge-choosable. 

One can note that edge coloring is a special case of list edge coloring, where all the lists are 
equal. Thus x'(G) < Xt(G). This inequality is in fact conjectured to be an equality (see |7] for more 
information). 

Conjecture 1 (List Coloring Conjecture). Every graph G verifies x'(G) = x'e(G)- 

The conjecture is still widely open. Some partial results were however obtained in the special 
case of planar graphs: for example, the conjecture is true for planar graphs of maximum degree at 
least 12, as follows. 

Theorem 3 (Borodin et al. |5j). Every planar graph G with A(G) > 12 verifies x'e(G) = A(G). 

There is still a large gap with the lower bound of 7 that should hold by Theorem [2] if Conjec- 
tured] were true. 

Using Vizing's theorem, the List Coloring Conjecture can be weakened into Conjecture |2] 

Conjecture 2 (Vizing |13|). Every graph G verifies x't{G) < A(G) + 1. 

Conjecture |2] has been actively studied in the case of planar graphs with some restrictions on 
cycles (see for example |Tl0l[T4l[T5ll ), and was settled by Borodin H3j for planar graphs of maximum 
degree at least 9 (a simpler proof was later found by Cohen and Havet |6|). 

Theorem 4 (Borodin [5J). Every planar graph G with A(G) > 9 verifies x'e(G) < A(G) + 1. 

Here we prove the following theorem. 
Theorem 5. Every planar graph G with A(G) < 8 verifies x'e(G) < 9. 

This improves Theorem[4]and settles Conjecture |2] for planar graphs of maximum degree 8. 

Corollary 1. Every planar graph G with A(G) > 8 verifies x'e(G) < A(G) + 1. 

This answers Problem 5.9 in a survey by Borodin [4]. For small values of A, Theorem|5]implies 
that every planar graph G with 5 < A(G) < 7 is also 9-edge-choosable. To our knowledge, this 
was not known. It is however known that planar graphs with A(G) < 4 are (A(G) + l)-edge- 
choosable ©EH. 

In Sections |2] and |3j we introduce the method and some terminology. In Sections |4] to |6j we 
prove Theorem[5j with a discharging method. 

2 Method 

The discharging method was introduced in the beginning of the 20 th century. It has been used to 
prove the celebrated Four Color Theorem ([1] and 13). 

We prove Theorem[5]using a discharging method, as follows. A graph is minimal for a property 
if it satisfies this property but none of its proper subgraphs does. The first step is to consider a min- 
imal counter-example G (i.e. a graph G such that A(G) < 8 and x'g(G) > 9, whose every proper 
subgraph is 9-edge-choosable), and prove it cannot contain some configurations. We assume by 
contradiction that G contains one of the configurations. We consider a particular subgraph H of 
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G. For any list assignment L on the edges of G, with \L(e)\ > 9 for every edge e, we L-edge-color 
i7 by minimality. We show how to extend the L-edge-coloring of H to G, a contradiction. 

The second step is to prove that a connected planar graph on at least two vertices with A < 8 
that does not contain any of these configurations does not verify Euler's Formula. To that pur- 
pose, we consider a planar embedding of the graph. We assign to each vertex its degree minus 
six as a weight, and to each face two times its degree minus six. We apply discharging rules to 
redistribute weights along the graph with conservation of the total weight. As some configura- 
tions are forbidden, we can prove that after application of the discharging rules, every vertex and 
every face has a non-negative final weight. This implies that J2v(d(v) — 6) + J2f(2d(f) — 6) = 

2 x \E(G)\ - 6 x \V(G)\ + 4 x \E(G) \ - 6 x \F(G)\ > 0, a contradiction with Euler's Formula that 
\E\ — \ V\ — \F\ = —2. Hence a minimal counter-example cannot exist. 

3 Terminology and notation 

In the figures, we draw in black a vertex that has no other neighbor than the ones already repre- 
sented, in white a vertex that might have other neighbors than the ones represented. When there 
is a label inside a white vertex, it is an indication on the number of neighbors it has. The label 'V 
means "exactly i neighbors", the label (resp. means that it has at least (resp. at most) i 
neighbors. Note that the white vertices may coincide with other vertices of the figure. The figures 
are only here to support the text and are not self-sufficient: the embedding can be different from 
the one represented. 

For a given planar embedding, a vertex v is a weak neighbor of a vertex u when the two faces 
adjacent to the edge (u, v) are triangles (see Figure H). A vertex v is a semi-weak neighbor of a 
vertex u when one of the two faces adjacent to the edge (u, v) is a triangle and the other is a cycle 
of length four (see Figure |2). 




Figure 1: Vertex v is a weak neighbor of u. Figure 2: Vertex v is a semi-weak neighbor of u. 

For any vertex u, we define special types of weak neighbors of degree 5 of u, as follows. The 
notation comes from E for "Eight" (when d(u) = 8) and S for "Seven" (when d{u) = 7). The index 
corresponds to the discharging rules (introduced in Section [5). Consider a weak neighbor v of 
degree 5 of u. 

• Vertex v is an E2-neighbor of u with d(u) = 8 when one of the two following conditions is 
verified (see Figure [3j) : 

— There are two vertices w\ and W2 with d(wi) = d(w2) = 6 such that (u,v,wi) and 
(v, wi , W2) are faces (see Figure l3a) . 

- There are three vertices w\, W2 and W3 with d(wi) = d(ws) = 6 and d{w2) = 7 such that 
(u, v, w\), (v, w\,W2) and (u, v, W3) are faces (see Figure l3bl. 
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(a) 



Figure 3: Vertex v is an £^ 2 " n eighbor of u. 



Vertex v is an E^-neighbor of u with d(u) = 8 when v is not an ^-neighbor of u, and there is 
a vertex w with d(w) < 7 such that (u, v, w) is a face (see FigureS]). 




Figure 4: Vertex v is an ^-neighbor of u. 

Vertex v is an E^-neighbor of u with d(u) = 8 when v is not an nor an ^-neighbor of u 
(see Figure|5]). That is, when the third vertices of the two faces containing the edge (u, v) are 
both of degree 8. 




Figure 5: Vertex v is an ^-neighbor of u. 

• Vertex v is an S2-neighbor of u with d(u) = 7 when there are two vertices w\ and W2 with 
d(wi) = d(w2) = 6 such that (u, v, w\) and (u, v, W2) are faces (see Figure|6]|. 




Figure 6: Vertex v is an ^-neighbor of u. 
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• Vertex v is an S%-neighbor of u with d[u) = 7 when v is not an ^-neighbor of u, and v has 
four neighbors w\, wi, u>3 and W4 such that (u,v,wi) and (u,v,w^) are faces, and one of the 
following two conditions is verified: 

- (v, wi,u>2), (v,W2,ws) and (y, W3, W4) are faces, and d(wi) = d(w4) = 7 and d(u>2) = 
d(ws) = 6 (see Figure l7a). 

- d(w±) = d{w2) = 6 and either d(w\) = 7 (see Figure 17b) or ^(^3) = 7 (see Figure 17c) . 
Note that there is no constraint on the order of W2 and W3 in the embedding. 




W4 W4 



(a) (b) (c) 

Figure 7: Vertex v is an ^-neighbor of u. 

• Vertex v is an S^-neighbor of u with d(u) = 7 when v is not an S2- nor 53- neighbor of u, and 
either there is a vertex w with d(w) < 7 such that (u, v, w) is a face (see Figure l8al), or u is 
adjacent to two vertices w\ and W2 (both distinct from u) such that = 6 and d{w2) = 7 

(see Figure IBbl. 



to 




(a) (b) 
Figure 8: Vertex v is an 54-neighbor of u. 

Note that if a weak neighbor v of it has none of the previous types, then u and must verify 
one of the following four hypotheses: 

• d(v) 5 

• d(u) 0{7;8} 

• d(u) = 7, the third vertex of each of the two triangles adjacent to (u, v) is of degree 8, and the 
two other neighbors of v are either both of degree 6 or both of degree at least 7. 
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4 Forbidden Configurations 

We define configurations (Ci) to (Cn) (see Figure [9). 

• (Ci) is an edge (u, v) with d(u) + d(-u) < 10. 

• (C2) is a cycle (u, v, w, x) such that d(u) = d{w) = 3. 

• (C3) is a vertex u with = 8 that has three neighbors v-\_,V2 and v% such that v\ and t>2 are 
weak neighbors of u, with <i(vi) = d(v2) = 3 and d(vs) < 5. 

• (C4) is a vertex u with d(u) = 8 that has four neighbors v\,V2, V3 and V4 such that i>i is a weak 
neighbor of u and V2 is a semi-weak neighbor of u, with = d{v2) = 3, d(t>3) < 5 and 
d(v A ) < 5. 

• (C5) is a vertex u with = 8 that has four weak neighbors v±, V2, vs and V4 with d(v\) = 3, 
d(v2) = d(vz) = 4 and d(v^) < 5. 

• (Cq) is a vertex u with d(u) = 8 that has five neighbors vi, V2, V3, V4 and v§ such that v\ is a 
weak neighbor of u with (i(t>i) = 3, d(v2) = 4, d(v^) < 5, d{v^) < 5 and d(vs) < 7. 

• (C-j) is a vertex u with cf(u) = 8 that has four weak neighbors v\ , V2, v 3 and V4, such that 
(i(t>i) = 3, vertex V2 is an ^-neighbor of u, d{v^) < 5 and ^(^4) < 5. 

• (Cg) is a vertex u with d(u) = 7 that has three neighbors v, w and x such that w is adjacent to 
v and x, ci(u>) = 6, d(-u) = d(x) = 5, and there is a vertex y of degree 6, distinct from w, that 
is adjacent to x. 

• (Cg) is a vertex u with d(u) = 7 that has three weak neighbors v±, V2 and V3 such that = 
d{v2) = 4 and either ^3 is an S2, S3 or S^-neighbor, or d(vs) = 4. 

• (C10) is a vertex u with = 7 that has three neighbors v\,v% and ^3 such that d(v\) = 4, 
vertex V2 is an ^-neighbor of u and ^(^3) < 5. 

• (Cn) is a vertex u with cZ(ii) = 5 that has three neighbors v, w and x such that w is adjacent 

to w and x, and = d(w) = d(x) = 6. 

We first introduce the three following useful lemmas. 

Lemma 1. lfT3lf Ez;ery euen cycZe C verifies x'i(C) = 2. 

Lemma 2. Le£ G be £/ze graph with five edges (a, b, c, d, e) such that (b, c, d, e) forms a cycle and a is 
incident only to b and e (see Figure\lO$. Let L : {a, b, c, d, e} — > V(N) a list assignment of at least two 
colors on every edge, where either \L(b)\ > 3 or L(b) ^ L(a). The graph G is L-edge-colorable. 

Proof. We consider w.l.o.g. the worst case, i.e. \L(a)\ = \L(c)\ = \L(d)\ = \L(e)\ = 2. We consider 
two cases depending on whether L(c) n L(e) = 0. 

• L{c) n L(e) + 0. 

Then let a G L(c) flL(e). We color c and e in a. Since | > 3 or L(a) / L(b), we can color 
a and b. We color d. 
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Figure 9: Forbidden configurations. 



L(c) n L(e) = 0. 

Then let a € L(6) \ L(a). We color b in a, and consider two cases depending on whether 

a g L(c) or a L(e). 

- a ^ L(c). 

Then we color successively e, a, d and c. 

- a £L(e). 

Then we color successively c, <i e and a. 

□ 



Lemma 3. Let G fee f//e sfar on three edges (a, b, c). Let L : {a, b, c} — > V(N) a list assignment such that 
\L(a)\ > 2, \L(b)\ > 2, \L(c)\ > 2. The graph G is L-edge-colorable unless L(a), L(b) and L(c) are all 
equal and of cardinality 2. 

Proof. Assume we do not have L{a) = L(b) = L(c) with \L(a)\ = 2. We assume without loss of 
generality that \L(a)\ > 3 or that \L(a)\ = \L(b)\ = \L(c)\ = 2 with L(a) + L(b) and L{a) + L(c). 
We color c in a color that is not available for a if possible, in an arbitrary color otherwise. We color 
successively b and a. □ 
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Figure 10: The graph of Lemma |2] 



Lemma 4. If G is a minimal planar graph with A(G) < 8 such that Xe{G) > 9, then G does not contain 
any of Configurations (C±) to (Cn)- 

Proof. Let L be a list assignment on the edges of G with \L(e) | > 9 for every edge e of G. We prove 
that if G contains any of Configurations (C\) to (Cn), then there is a subgraph H of G, that can be 
L-edge-colored by minimality and whose L-edge-coloring is extendable to G, a contradiction. 

A constraint of an edge e G E is an already colored edge that is incident to e. In the following, 
we denote generically e the list of available colors for an edge e at the moment it is used: the list is 
implicitely modified as incident edges are colored. Proving that the L-edge-coloring of H can be 
extended to G is equivalent to proving that the graph induced by the edges that are not colored 
yet is L'-colorable, where L'(e) = e for every edge e. We sometimes delete edges. Deleting an edge 
means that no matter the coloring of the other uncolored edges, there will still be a free color for it 
(for example, when the edge has more colors available than uncolored incident edges). Thus the 
deleted edge is implicitely colored after the remaining uncolored edges. 

We use the same notations as in the definition of Configurations (Gi) to {Cn) (see FigureHJ). 
Claim 1. G cannot contain (C\). 

Proof. Using the minimality of G, we color G \ {(u, v)}. Since d(u) + d(v) < 10, the edge (u, v) has 
at most 10 — 2 constraints. There are 9 colors, so we can color (u, v), thus extending the coloring to 
G. ' □ 

Claim 2. G cannot contain (C2). 

Proof. Using the minimality of G, we color G \ {(u, v), (v, w), (w, x), (x, u)}. Since A(G) < 8 and 
d(u) = d(w) = 3, every uncolored edge has at most 8 — 2 + 1 constraints. There are 9 colors, so 
every uncolored edge has at least two available colors, and they form a cycle of length four. We 
can thus apply Lemma [T] to extend the coloring to G. □ 

Claim 3. G cannot contain (G3). 

Proof. By Claim |2j vertices v\ and v% have no common neighbor other than u. By Claim [TJ for 
i G {1, 2, 3}, vertex V{ is adjacent only to vertices of degree at least 6. So the v/s are pairwise 
non-adjacent. We name the edges according to Figure ITT1 

By minimality of G, we color G\{v\,V2}- Since there are 9 colors and every vertex is of degree 
at most 8, we have | d\ \ , |ei2 1 , \b\ \ , 1 62 1 > 2 and \6\ \ , \c% | > 3. We first prove the following. 

Ifd\ = b±, d 2 = hi, and \d\\ = = [02I = [&2I = 2. Then ivecan recolor G\{v±,V2} 
so that the hypothesis is not verified anymore. 
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V2 h 



Figure 11: Notations of Claim [3] 

Proof. For i G {1,2}, let &i = b\ = {04, Pi}. For i G {1,2}, let 7» and 5j be the color of and 
fi, respectively. Note that 7^ G L(aj) and <5j G L(bi) since |aj| = = 2. Note that for a given 
i G {1,2}, the colors a«, 7, and 5j are all different. 

We claim that any recoloring of {ex, fx, t2, jit g} such that the color of at least one of {ei, fx, 
62, /2} has been changed breaks the hypothesis of ((TJ. Indeed, assume w.l.o.g. that the color of 
ex can be changed while recoloring only edges of {ex,fi,e2, f2,g}, and consider such a coloring. 
We have 71 G d\ since 71 G L(ax) and the only edge of {ex, fi,e2, $2,9} that is incident to ax is 
ex, which is not colored in 71 anymore. We have 71 G" 61 since 71 G" {ax, fix, $1} and the only edge 
of {ex, fx, ^2, f 2, 9} that is incident to bx is /1, which was colored in 5\. Thus a'i ^ 61, and the 
hypothesis of (TTJ is broken. 

We prove now that there exists such a recoloring. Aside from the constraints derived from 
{ei, e2, /1, /2, g}, each edge or f has at most (8 — 2) + (8 — 7) = 7 constraints, and g has at most 
(5 — 1) + (8 — 7) = 5 constraints. Let L' be the list assignment of the colors available for those 
edges, when ignoring the constraints derived from {ex, e2, fx,f2,g}- Note that |L'(ej)|, \L'(fi)\ > 2 
and \L'(g)\ > 4. Let us build the directed graph D whose vertex set is V(D) = {ex,e2,fx,f2,g} 
and where for any two distinct u, v G V(D), there is an edge from u to v if the color of u belongs 
to L'{v). We consider two cases depending on whether there is a cycle in D. 

• There is a cycle in D. 

Then we recolor accordingly the edges in G (for any edge from u to v in the cycle, v takes 
the initial color of u, which belongs by definition to L'(y)). Since a cycle contains at least two 
vertices, at least one of {ex,e2, fx, f2} has been recolored. 

• There is no cycle in D. 

Then some vertex has in-degree 0. We consider two cases depending on whether some ej or 
fi has in-degree 0. 

- Some ei or fi has in-degree 0. 

Then it can be recolored without conflict (i.e. without recoloring the other vertices of 
D). 
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- Every ej and fi has in-degree at least 1. 

Then g has in-degree 0. So g can be recolored without conflict. Since there is no cycle 
in D and every and /, is of in-degree at least 1, there is necessarily an edge from g to 
some ei or fi, which can now be recolored without conflict. 



By ((D, we can assume that we have a coloring of G \ {v\ , V2 } that does not verify the hypothesis 
of (dJ. W.l.o.g., we consider the case where di ^ b\ or \d\\ > 3. We color a,2, &2 arid C2- Then |ci | > 2 
and d\ and &i have not been modified. So we apply Lemma|3]to the edges incident to v\. □ 

Claim 4. G cannot contain (C4). 

Proof. We prove Claim [4] similarly as Claim |3j By Claim |2j vertices v\ and V2 have no common 
neighbor other than u. By Claim [H for i G {1,2,3,4}, vertex Vi is adjacent only to vertices of 
degree at least 6. So the v/s are pairwise non-adjacent. We name the edges according to Figure [12] 
Note that among the edges named here, the edge 62 is incident only to 02 and C2. 

By minimality of G, we color G \ {v 1, i>2}. Since there are 9 colors and every vertex is of degree 
at most 8, we have |ai|, |a~2|, |&i|, I&2I > 2 and | ci | , | C2 1 > 3- We proceed as for Claim [3] and prove 
the following. 

m lfd\ = b\, <22 = b2,and\di\ = \b±\ = |cr 2 1 = (62! = 2. Then we can recolor G\{v\,V2} 
so that the hypothesis is not verified anymore. 

Proof. For i G {1, 2}, let dj = b\ = {a,, /3j}. For i G {1, 2}, let 7, be the color of e^. Let (5i be the color 
of f\. Note that 7$ G L(aj) since |dj| = 2. Similarly, 5\ G L(b\). Note that for a given i G {1, 2}, the 
colors a,, fa, ji (and if i = 1) are all different. 

We claim that any recoloring of {e\ , /1 , €2 , gi , 52 } such that the color of at least one of {ei , /1 , e2 } 
has been changed breaks the hypothesis of d2). Indeed, assume that the color of e± can be changed 
while recoloring only edges of {e\, fi, e2, gi, 52}/ and consider such a coloring. (The cases where 
the color of fi or e2 can be changed are similar). We have 71 G di since 71 G L(a\) and the only 
edge of {ei, /1, e2, 51, 52} that is incident to a\ is e\, which is not colored in 71 anymore. We have 
71 bi since 71 {ai,/3i,5i} and the only edge of {ei,/i,e2,/2,5} that is incident to 61 is /1, 
which was colored in 5±. Thus d\ ^ 61. 

We prove now that there exists such a recoloring. Aside from the constraints derived from 
{ei, e2, /1, 51,(72}/ each edge e\, e2 and f\ has at most (8— 2) + (8— 7) = 7 constraints, and each gi has 
at most 4 + 1 = 5 constraints. Let L' be the list assignment of the colors available for those edges, 
when ignoring the constraints derived from {ei,e2, fi, 91,92}- Note that \L'(ei)\,\L'(fi)\ > 2, and 
\L'{gi)\ > 4. We consider w.l.o.g. the worst case, i.e. \L'(ei)\ = \L'(e 2 )\ = \L'(fi)\ = 2. Let us build 
the directed graph D whose vertex set is V(D) = {e\,e2, fi, gi, 52} and where there is an edge 
from u to v if the color of u belongs to L'{v). 

First note that if there is an edge from some gi to some v G {ei, e2, /1}, then there are all edges 
from {ei , e2, fx} \ {v} to gi. Indeed, if vertex gi has in-degree at most 2, we recolor gi and recolor v 
into the former color of gi. So we assume vertex has in-degree at least 3. If there is an edge from 
v to gi, we exchange the colors of v and gi. Thus there are all possible edges from {ei, e2, /1} \ {v} 
to gx. 
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If some ei or f. L has in-degree 0, se can recolor it without conflict. So we can assume that all of 
e\, e2 and j\ have in-degree at least 1. If there is no edge from {51, 52} to {e\, e2, fi}, then there 
is a directed cycle in {ei, e<z, fi}, and we recolor accordingly the edges in G. So there is at least 
an edge from {51,52} to {ei, e2, fi}- We consider w.l.o.g. that there is an edge from g\ to e\. By 
the previous remark, there is an edge from e2 and /1 to g\. Both e2 and /1 have in-degree at least 
1. If there is an edge from €2 to f\ and an edge from fi to e2, we exchange their colors. So we 
assume w.l.o.g. that there is an edge from {ei, gi, 52} to e2- If there is an edge from e\ to e2, there 
is a directed cycle on {ei, e2,gi}, and we recolor accordingly the edges in G. If there is an edge 
from gi to &2, we exchange the colors of g\ and &2- If there is an edge from 52 to e2, then by the 
previous remark, there is an edge from e\ to 52- Thus there is a directed cycle on {ei, 52, e2, 51} and 
we recolor accordingly the edges in G. 

By (0, we can assume that we have a coloring of G\ {v\ , V2 } that does not verify the hypothesis 
of ||2). W.l.o.g., we consider the case where d\ ^ b\ or |oi| > 3. We color a2-.h2-.c2 and apply 
Lemma H] to the edges incident to v±. □ 

Claim 5. G cannot contain (C5). 

Proof. By Claim [TJ no two vi are adjacent. Since every V{ is a weak neighbor of u, and d(u) = 8, the 
neighborhood of u forms a cycle (see Figure Il3|). We consider two cases depending on whether 
there is a vertex x such that v% , x and v% appear consecutively around u. 

• There is a vertex x such that V2,x and V3 appear consecutively around u. 
We consider without loss of generality that the neighbors of u are, clockwise, v\, w\, v%, W2, 
V3, u>3, V4 and W4. We name the edges according to Figure H3al Note that the edges I and o 
are distinct. By minimality of G, we color G \ {a, . . . , r}. 

Without loss of generality, we consider the worst case, i.e. |Z| = |6| = \q\ = \ f\ = 2, |6| = \d\ = 
l/l = |^| = \i\ = \j\ = \k\ = \m\ = \n\ = \p\ = 4, \g\ = 7, and \a\ = \c\ = \e\ = 9. We consider 
two cases depending on whether i = j and i D h 7^ 0. 
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- i / j or inh = 0. 

If i ^ j, we color i in a color that does not belong to j. Otherwise h fl i = and i can 
be deleted. In any case \ j\ =4 and j has exactly 3 uncolored incident edges, so we can 
delete it. Then \a\ > 8 and a has 7 uncolored incident edges, so we can delete it. Since 
|S| + \l\ > \k\, there exists a color a £ (S n f) U ((S U I) \ k). Note that b and Z are not 
incident. We color b and I in a if possible, in an arbitrary color otherwise. If a £ b fl I, 
then b and Z are colored in a and \k\ > 3. If a £ (6 U Z) \ k, then at least one of b and Z is 
colored in a and |fc| > 3. So we can delete k. Then, successively, c, m, e, n, o, p, g, d, f, 
h, q and r can be deleted. 

- i = j and i n h ^ 0. 

Then let a € jnh. Note that j and Zi are not incident. We color j and h in a. Since i (resp. 
a) is incident to both j and Zi, we can successively delete i and a. We color successively 
r and q. Without loss of generality, we consider the worst case, i.e. |/| = |Z| = \6\ = 2, 
|6| = \d\ = \k\ = \p\ = 3, |g| = |m| = |n| = 4, and \c\ = \e\ = 8. We consider three cases 
depending on whether / n n = and p \ 6 C n. 

* / n n ^ 0. 

Then let /3 £ / fl n. We color / and n in /3. We delete successively e, p, o, c, and g. 
we color Z. We apply LemmaUon (b, k, m, d). 

* p\o (£_ n. 

Then let ft £ p\ (oUn). We color p in /?. We color /. Since \ fh\ + 16| > \h\, there exists 
7 £ (m fl o) U ((m U 6) \ n). If 7 £ d or 7 ^ m, we color d and o in 7 if possible, in 
an arbitrary color otherwise. We delete successively n, e, c, m, I, k, g and b. If 7 ^ cZ 
and 7 £ m, we color m and o in 7 if possible, in an arbitrary color otherwise. Note 
that \d\ > 2. We delete successively e, c, g, d, b, k and Z. 

* / fl n = and p\d C h. 

Then let /3 £ p \ 6. We color p in (3. By assumption, /3 ^ / U o. We color n in a color 
that does not belong to o. We delete successively o, e, c and <?. We color I, and apply 
Lemma |2]on (/, b, k, m, d). 

• There is no vertex x such that V2 , x and v% appear consecutively around u. 
We consider without loss of generality that the neighbors of u are, clockwise, v\, w\, V2, W2, 
V4, W3, t>3 and W4. We name the edges according to Figure H3bl By minimality of G, we color 
G\{a,...,r}. 

Without loss of generality, we consider the worst case, i.e. |Z| = \h\ = \6\ = \q\ = 2, |6| = \d\ = 
\f\ = \h\ = \i\ = |i| = |^| = \fh\ = |p| = \f \ = 4, \e\ = 7, and \a\ = \c\ = \g\ = 9. We consider 
two cases depending on whether i = j and i n h ^ 0. 

- i^jorinh = $. 

If i 7^ j, we color i in a color that does not belong to j. Otherwise i n h = 0, we can 

delete i. In both cases, we can delete successively j and a. 

We consider three cases depending on whether q n Zi = and q C f. 

* g n Zi / 0. 

Then let a £ g fl /i. We color q and Zi in a. We delete successively g, c, e, r, p, k, m, I, 
b, d, n, p and /. 
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Figure 13: Notations of Claim [5] 

* q <£_ r. 

Then let a G q \ r. We color q in a. Since \h\ + \p\ > \f\, there exists a color 
/3 G (/i (~l p) U ((h U ]5) \ f). We color h and p in /3 if possible, in an arbitrary color 
otherwise. We delete successively r, g, c, e, k, I, m, b, d, f, n and o. 

* q PI h = and q C f. 

Then let a £ g. By assumption, a E r \ h. We color r in a, and color q. Since 
|S| + \l\ > \k\, there exists a color /3 G (S n 1) U ((S U 1) \ k). We color b and Z in /3 if 
possible, in an arbitrary color otherwise. We delete successively k, c, g, e, and m. 
We color h in such a way that afterwards, \ f\ > 3 or / ^ p. Then we apply Lemma|2] 
on (p,f, d,n,o). 

- i = j and i n h ^ 0. 

Since i = j, there exists a £ j (~) h, we color j and h in a, and delete i and a. When we 
say that we color q\r in a color a, it means that we color g in a if possible, otherwise we 
color r in a. 

Let C = c and G = g.lfqUr g, we consider a G (qUr)\g, and color g|r in a. Assume 
thatgUf C g. Note that \((qUf)Dc)U(c\g)\ > \qUf\ > 3, and that \l\ = 2. We consider 
a G (((qUr)nc)U(c\g))\l. We color q\r in a if possible, in an arbitrary color otherwise. 
Note that since q and r have the same incidencies in the resulting graph, and since 
|^| > |<?| — 1/ the identity of the edge that is colored has no impact, and we can consider 
w.l.o.g. that q is colored and r remains uncolored. We remove color a from k and to. 
We consider w.l.o.g. the worst case, i.e. \k\ = \l\ = \n\ = \d\ = \r\ = 2, \b\ = \d\ = \ f\ = 
l m l = \P\ = 3, |e| = 6, 1^1 = 7 and |c| = 8. 
We consider two cases depending on whether k = I. 

* k = I. Then we color to in a color that does not belong to I. We color successively 
n, o, d, f, b, k and I. 
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* k j^z I. Then we color I in a color that does not belong to k. If m = h, then we color 
d in a color that does not belong to in, and apply Lemma [T] on (b, k, m, n, o, /). If 
rh 7^ n, then we color m in a color that does not belong to h, we color k and we 
apply Lemma|2]on (6, /, o, n, d). 

We then color p, q and e. We claim that c ^ g if |c| = \g\ = 1. Indeed, assume |c| = |#| = 
1. Then, all the edges incident to g are colored differently, and their colors belong to G. 
We consider two cases depending on whether q is colored in a. 

* Edge q is colored in a. Then a € G, which implies a G C by choice of a. Since 
the edges incident to g are all colored differently and q is colored in a, none of 
{b, d, e, /, h} is colored in a. By construction, none of {k, m} is colored in a. By 
choice of a, / is not colored in a. Thus a G c and a ^ g,so c ^ g. 

* Edge q is not colored in a. Then, by choice of a, we have a <E C \G. Since the colors 
of the edges incident to g all belong to G, none of {b, d, e, f, h} is colored in a. By 
construction, none of {k, m} is colored in a. By choice of a, I is not colored in a. 
Thus a G c and a $ g, so c ^ g. 

Note that |c| > 1 and |<?| > 1. If |c| = |<?| = 1, then c 7^ g, so we color c and g indepen- 
dently. If not, assume w.l.o.g. that \c\ > 2, and color successively g and c. 

□ 

Claim 6. G cannot contain (C$). 

Proof. We prove Claim [6] similarly as Claim|3l By Claim[TJ for i G {1, 2, 3, 4, 5}, vertex is adjacent 
only to vertices of degree at least 11 — d(vi). We name the edges according to Figure HU By 




minimality of G, we color G \ {v\}. Since there are 9 colors and every vertex is of degree at most 
8, we have |d|, |c| > 2. We proceed as for Claim [3] and prove the following. 

If a = b and \a\ = \b\ = 2. Then we can recolor G \ {vi} so that the hypothesis is not 
verified anymore. 
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Proof. Let a = b = {a, /?}. Let 7 be the color of e and 5 the color of /. Note that 7 G L(a) and 
5 € since \a\ = \b\ = 2. Note also that a, f3, 7 and 5 are all different. 

We claim that any recoloring of {e, /, <?2> <73> 34} such that the color of at least one of e, / 
has been changed breaks the hypothesis of (0. Indeed, assume w.l.o.g. that the color of e can be 
changed while recoloring only edges of {e, /, g\ , §2,93,94}, and consider such a coloring. We have 
7 G a since 7 G L(a) and the only edge of {e, /, gi, 92,93,94} that is incident to a is e, which is not 
colored in 7 anymore. We have 7^6 since 7 {a, /3, (5} and the only edge of {e, /, gi, 92,93,94} 
that is incident to b is /, which was colored in 8. Thus a ^ b. 

We prove that there exists such a recoloring. Aside from the constraints derived from {e, /, 
9i,92, 93,94}, both e and / have at most 7 constraints, edge g\ has at most 4 constraints, edges 
52 and 53 have at most 5 constraints, and 54 has at most 7 constraints. Let L' be the list as- 
signment of the colors available for those edges, when ignoring the constraints derived from 
{e,f, 91, 92, 93, 94}. Note that \L'{e)\, \L'(f)\, \L'{g A )\ > 2, \L'(g 2 )\,\L'(g 3 )\ > 4 and \L'( 9l )\ > 5. 
Let us build the directed graph D whose vertex set is V(D) = {e, f, g\ , 92,93,94} and where there 
is an edge from u to v if the color of u belongs to L'{v). Let D\ be the graph obtained from D by 
removing any vertex v such that there is no directed path from v to e. Let D2 be the graph obtained 
from D by removing any vertex v such that there is no directed path from v to /. If e G D2 and 
/ G D\, then there is a directed path from e to / and a directed path from / to e. So there exists 
a directed cycle that contains e, which we recolor accordingly. So we can assume that e D2 or 
/ D\. We consider w.l.o.g. the case f £ D\. We consider four cases depending on the structure 
oiDi. 

• V(D\) = {e}. Then we recolor e without conflict. 

• |V(.Di)| > 2, and some vertex v ^ e /zas in-degree at most L'(v) — 2. Then we recolor and 
recolor accordingly the path from v to e. 

• |V(Z?i)[ > 2, and f/zere is an edge from e to a vertex v. Then by definition of D\, there is a 
directed cycle that contains e, which we recolor accordingly. 

• \V(Di)\ > 2, every vertex 7ms in-degree at least L'(v) — 1, and e Tzas out-degree 0. Since 
/ -Di, we have {51, 52, 53, 54} H / 0. Let j be the minimum i such that gi G -Di. Vertex 
<7j has in-degree at least L'(gj) — 1 > |V(.D) \ {/, 31, . . . , <7j}|, and there is no edge from e to 
gj, a contradiction. 



By (|3|, we can assume that we have a coloring of G \ {v\} that does not verify the hypothesis 
of @. We apply Lemma |3] to the edges incident to vi. □ 

Claim 7. G cannot contain (C7). 

Proof. By Claim [H no two w« are adjacent, nor is v\ adjacent to a vertex of degree at most 7. Since 
every Vi is a weak neighbor of u, and = 8, the neighborhood of u forms a cycle (see Figure [X5b . 
We consider two cases depending on whether there is a vertex x such that v% , x and 1*3 appear 
consecutively around u. 
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• There is a vertex x such that v%,x and V4 appear consecutively around u. 

W.l.o.g. the neighbors of u are, clockwise, v\, x\, V2, xi, V3, X3, V4, X4. Since V2 is an E2- 
neighbor of u and d(x\) = 8, we have d(x2) = 6 and there is a vertex y of degree 6 such 
that (x2, V2, y) is a face. We name the edges according to Figure Il5al By minimality, we color 
G \ {a, . . . , s}. Without loss of generality, we consider the worst case, i.e. [n| = |6| = \p\ = 
\q\ = 2, |s| = 3, |S| = l/l = \h\ = \i\ = \j\ = \k\ = 4, |m| = |f| = 5, \d\ = \e\ = \g\ = \l\ = 7, and 
a I = |c| = 9. Note that the edges k and s are not incident. Since \k\ + |s| > |f|, there exists 
a G (kP\s)U((kUs)\f). We color k and s in a if possible, in an arbitrary color otherwise. We 
can delete successively r, I and m. We color q. Note that the edges p and j are not incident. 
Since |p| + |J| > there exists (3 G (pfi j) U ((pUj) Thus we color p and j in f3 if possible, 
in an arbitrary color otherwise. We delete successively i, a, c, e, g, d, h, b, f, n and o. 

• There is no vertex x such that V2,x and V3 appear consecutively around u. 

W.l.o.g. the neighbors of u are, clockwise, v\, x\, V3, X2, V2, £3, V4, X4, with d{x2) > d(xs). We 
consider two cases depending on whether d{x2) = 6. 

- d(x 2 ) = 6. 

W.l.o.g., since V2 is an ^-vertex, there is a vertex y of degree 6 or 7 such that (y, V2, £3) 
is a face. We name the edges according to Figure |15b| By minimality, we color G \ 
{a, . . . , s}. W.l.o.g., we consider the worst case, i.e. \k\ = \p\ = \q\ = \s\ = 2, \b\ = \h\ = 
Kl = lil = 1^1 = 1^1 = I o I = 5, \d\ = \rh\ = 6, |c| = |/| = |^| = |n| = 7, and |d| = |e| = 9. 
Note that the edges r and / cannot be incident. Since |f| + |i| > |m|, there exists a G 
(f D l) U ((r U /) \ rh). We color r and I in a if possible, in an arbitrary color otherwise. 
We can delete successively m, n and o. We color q, s and k successively. Note that p and 
j cannot be incident. Since \p\ + \j\ > there exists /? € {p n j) U {{p U j) \ i). Thus we 
color p and j in /3 if possible, in an arbitrary color otherwise. We delete successively i, 
a>i e, g, f, c, d, h and b. 

- d(x 2 ) > 7. 

Since V2 is an ^-vertex, we have d(xs) = 6 and there is a vertex y of degree 6 such 
that (y, V2,xs) is a triangle. We name the edges according to Figure [T5c1 By minimality, 
we color G \ {a, . . . , s}. Without loss of generality, we consider the worst case, i.e. 
\k\ = \l\ = \p\ = \q\ = 2, |s| = 3, |6| = \d\ = \h\ = \i\ = \j\ = \m\ = 4, |6| = |f| = 5, 
|c| = l/l = 1^1 = |n| = 7, and |d| = |e| = 9. Note that since G is a simple graph, the edges 
s and m cannot be incident. Since |s| + |m| > |r|, there exists a G (snm)U((sUm)\f). We 
color m and s in a if possible, in an arbitrary color otherwise. We can delete successively 
r, n and o. We color successively q, I and k. Note that p and j cannot be incident. Since 
\P\ + b'l > 1*1/ there exists j3 G (j5nj) U {(pUj) Thus we color pand j in fi if possible, 
in an arbitrary color otherwise. We delete successively i, a, e, /, g, c, h, b and d. 

□ 

Claim 8. G cannot contain (Cg). 

Proof. Not that since G is simple and d(y) ^ d(v), all the vertices named here are distinct. We 
name the edges according to Figure HU By minimality, we color G \ {a, . . . ,/}. Without loss of 
generality, we consider the worst case, i.e. |d| = |d| = |/| = 2, |c| = |e| = 3 and |6| = 4. 
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Figure 15: Notations of Claim |7] 
We consider two cases depending on whether f = d. 

• / 7^ d. We color / in a color that does not belong to d. We apply Lemma|2]on (a, b, c, d, e). 

• f = d. We color e and c in a color that does not belong to /. We color successively a, b, f and 
d. 

□ 



Claim 9. G cannot contain (Cg). 
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Figure 16: Notations of Claim [8] 



Proof. Note that by Claim [TJ {v\, t>2, V3} forms a stable set. We consider two cases depending on 
whether there are two weak neighbors w\ and 102 of u with d{w\ ) = d(w2 ) = 4 and a vertex x, such 
that (w\,x, u) and (u?2, x, u) are faces. 

• There are two weak neighbors w\ and W2 of u with d{w{) = d{w2) = 4 and a vertex x, such that 
(u>i, x, u) and (w2,x, u) are faces. 

We assume w.l.o.g. that the neighborhood of u is, clockwise, y\, v\, x, V2, 1/2, v 3 and z. We are 
in one of the following three cases: either d(z) < 7, or d(y2) < 7, or d(z) = d(y2) = 8. 

- d(z) < 7. 

We name the edges according to Figure I17al By minimality, we color G \ {a, . . . ,0}. 
Without loss of generality, we consider the worst case, i.e. \i\ = \l\ = \n\ = \6\ = 2, 
\a\ = \h\ = 3, \c\ = \e\ = \g\ = \j\ = \k\ = \m\ = 4, |/| = 7 and |S| = \d\ = 9. We first 
prove the following. 

u\ We can color a, c, e, /, g, h, i,j, k, I, m, n and o in such a way that b ^ dif\b\ = \d\ = 
1. 

Proof. Let B = b and D = d. If b = d, then we consider a G i, and color i in a. If b ^ d, 
then we consider a G d \ b, and color i arbitrarily. We remove color a from k, I and rh. 
We color /. We consider two cases depending on whether m = h. 

* n ^ rh. 

Then we color m in a color that does not belong to n. We color k. Since |/i| + |c| > \a\, 
there exists j3 G (h fl c) U ((h U c) \ a). We color h and c in j3 if possible. We color 
successively j, and h or c if not colored already. We apply Lemma|2]on (a, g, o, n, e). 
We color /. 

* fi = rh. 

Since |a| + \d\ > \g\, there exists /3 G (a n 6) U ((a U 6) \ 5). If j3 G e \ rh or /3 a, we 
color e and o in /3 if possible, in an arbitrary color otherwise rh in the case of e). 
We color n, m and k. We delete g, and we apply LemmaUon (h, j,c,a). If j3 e \ rh 
and /3 G a, we color a and o in j3 if possible, in an arbitrary color otherwise. Note 
that a is colored in /3, and that (3 does not belong to e or belongs to rh, in which case 
one of {m, n} will be colored in f3. We color successively n, m, k, h,j, c, and e. We 
color g, and /. 
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Assume \b\ = \d\ = 1. Then the colors of the edges incident to b are all different and 
belong to B. We consider two cases depending on whether B = D. 

* B = D. Since i is colored in a, no edge in {a, c, e, g} is colored in a, and a € D. By 
construction, none of {k, I, to} is colored in a. Thus a G d and a ^ 6, so b / d. 

* B ^ D. Since a ^B,no edge in {a, c, e, <?} is colored in a. By construction, none of 
{k, I, to} is colored in a. Thus aed and a $ b, so 6 ^ d. 



By (|4|, we color a, c, e, /, <?, /i, i, j, k, I, to, n and o in such a way that b ^ d if \b\ = \d\ = 1. 
We color b and d. 

d(lfe) < 7. 

We name the edges according to Figure Il7bl By minimality, we color G \ {a, . . . , to}. 
Without loss of generality, we consider the worst case, i.e. \g\ = \i\ = \l\ = 2, |d| = \h\ = 
3, |c| = |e| = |j| = = |m| = 4, |/| = 5 and |6| = \d\ = 9. We first prove the following. 

We can color a, c, e, f, g, h, i, j, k, I and to in such a way that, afterwards, b / d if 

u |S| = \d\ = 1. 

Proof. If b = d, then we consider a € I, and color / in a. If b ^ d, then we consider 
a € and color / arbitrarily. We remove color a from h, i and j. We color successively 
i, h, j, a, g, c, k, e, to and /. By the same analysis as in the previous case, b ^ d if \b\ = 
\d\ = l. ' ' 

By $5§, we color a, c, e, f, g, h, i,j, k, I and to in such a way that b ^ di£ \b\ = \d\ = 1. We 
color b and d. 

d{z) = d{y 2 ) = 8. 

Then either v 3 is a weak neighbor of u of degree 4, or is a weak neighbor of u of 
degree 5 adjacent to a vertex of degree 6. We will deal with the two cases at once. We 
consider that v 3 is of degree 5 in both cases, by adding a neighbor of degree 6 to V3 if it 
is of degree 4: a proper coloring of this graph will yield a proper coloring of the initial 
graph. We name the edges according to Figure Il7bl 

By minimality, we color G\{a, . . . ,q}. Without loss of generality, we consider the worst 
case, i.e. \i\ = \l\ = \p\ = 2, |d| = \g\ = \h\ = \d\ = 3, |c| = |e| = \j\ = \k\ = |to| = \h\ = 
\q\ = 4 and |6| = \d\ = \ f\ = 9. We first prove the following. 

We can color a, c, e, /, g, h, i,j, k, I, to, n, o,p and q in such a way that, afterwards, 

(6) h^dif\h\ = \d\ = i. 

Proof. If b = d, then we consider a G /, and color i in a. If b ^ d, then we consider 
a € d \ b, and color i arbitrarily. We remove color a from k, I and m. 
We color I. Since |<?| + \p\ > |6|, there exists (3 G (g n p) U ((g Up) \ 6). We color g and p 
in /3 if possible, in an arbitrary color otherwise. We color to so that e/aif|d| = |e| =2, 
which is possible as |to| > 2. We color /c, and we apply Lemma |2] on (e, a, h, j, c). We 
color n, o, q and /. 

By the same analysis as in the two previous cases, we have 6^<Zif|6| = |d| = l. 
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By ||6), we color a, c, e, /, g, h, k, I, m, n, o,p and q in such a way that 6 7^ d if |6| = 
|d| = 1. We color b and d. 

• There are no two weak neighbors w% and w 2 of u with d{w\) = d(w 2 ) = A for which there exists a 
vertex x such that (wi,x, u) and (w2,x, u) are faces. 

Then v% must be a vertex of degree 5. W.l.o.g., the neighborhood of u is, clockwise, y\, v\, yi, 
V3, 2/3, V2, 2/4. We consider two cases depending on whether d(y 2 ) = d{y%) = 8. 

- d(y 2 ) <7ord(y 3 ) < 7. 

Consider w.l.o.g. that d{y 2 ) < 7. We name the edges according to Figure H7dl By mini- 
mality, we color G \ {a, . . . ,0}. Without loss of generality, we consider the worst case, 
i.e. |z'| = |/| = |n| = 2, \a\ = \g\ = \h\ = \k\ = \d\ = 3, |e| = \rh\ = 4, \c\ = \j\ = 5, \d\ = 7 
and |S| = I/] =9. 

Note that the edges k and h are not incident. Since \k\ + \h\ > \j\, there exists a G 
(k fl h) U ((k U h) \ j). We color k and h in a if possible, in an arbitrary color otherwise. 
We can delete successively j, b, i, f, d and c. We color a, / and n. We apply LemmaUon 

(e,m,o,g). 

- d(y 2 ) = d(y 3 ) = 8. 

Then v% must be a weak neighbor of degree 5 whose two other neighbors are of degree 6 
and 7, respectively. We name the edges according to Figure [TTel By minimality, we color 
G\ {a, . . . ,q}. Without loss of generality, we consider the worst case, i.e. \i\ = |n| = 2, 

1^1 = l<?l = N = \°\ = \q\ = 3, |c| = |e| = \j\ = \k\ = \l\ = \m\ = \p\ = 4, and 
|6| = \d\ = \ f\ = 9. We first prove the following. 

We can color a, c, e, f, g, h, i, j, k,l,m, n, o, p and q in such a way that, afterwards, 

{7) h^fif\h\ = \f\ = i. 

Proof. If b = f, then we consider a G h, and color n in a. If b f, then we consider a € 
b \d, and color n arbitrarily. We remove color a from h, i and j. We color successively 
i , h, j, k, c, a, g, e, o,m,l,q,p and d. By the same analysis as in the previous cases, we 
have if \b\ = 1/1 = 1. ' ' 

By 0, we color a,c,e, /, g,h,i,j,k,l,m,n,o,p and q in such a way that b ^ f if \b\ = 
l/l = 1. We color b and /. 

□ 

Claim 10. G cannot contain (C\o). 

Proof. We consider two cases depending on whether v 2 and u have a common neighbor of degree 
6. 

• Vertices v 2 and u have a common neighbor y of degree 6. 

By definition of an ^-neighbor, vertex v 2 has two other neighbors of degree 7 and 6, respec- 
tively. We name the edges according to Figure |18al Since the graph is simple, there is no 
1 < i < 3 such that the edges e and are incident. 
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Figure 17: Notations of Claim [9] 
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By minimality, we color G \ {a, b\, 62, c\, C2, C3, d, e}. Without loss of generality we consider 
the worst case, i.e. \bi\ = \c\\ = \e\ = 2, | £»2 1 = | C2 1 = 3, |cg | = 4, |<i| = 5, and |a| = 6. 

Since \e\ + | C3 1 > there exists a G (e n C3) U ((e U C3) \ <i). If a € C3, let i be the minimum 
integer such that a G q. If a ^ C3, then a G e \ (d U (%), let z be 1. We color e and q in a if 
possible, in an arbitrary color otherwise (by choice of i, if q is not colored in a then i = 1). 
We delete d. If i ^ 3, edge C3 is not colored and we delete it. Then, if i ^ 2, edge C2 is not 
colored, and either i = 3 and C3 is colored in a (which was not an available color for C2 by 
choice of i), or i = 1 and C3 has been deleted; In both cases, we can delete 02- Then, if i 7^ 1, 
edge ci is not colored, and the edges C2 and C3 are deleted or colored in a (which was not an 
available color for c\ by choice of i), so we can delete c\. We delete successively a, 62, 61. 

• Vertices and u have no common neighbor of degree 6. 
Then, by definition of an SVvertex, the neighborhood of V2 is, clockwise, (u, y±, z\,Z2,y2), 
with d{yi) = d(y2) = 7 and d{z\) = d{z2) = 6. We name the edges according to Figure H8bl 
By minimality, we color G \ {a, . . . , k}. Without loss of generality, we consider the worst 
case, i.e. |/| = \g\ = \h\ = \j\ = 2, \i\ = \k\ = 3, |6| = |e| = 5, and \a\ = \c\ = \d\ = 6. We first 
prove the following. 




(8) We can color f, g, h, i, j and k in such a way that, afterwards, c ^ dif\c\ = \d\ = 4. 
Proof. We consider two cases depending on whether c = d. 

- c = d. We apply Lemma[T]on (/, g, h, j) by considering that / and j are incident so they 
receive different colors. We color i and k. The new constraints of c are i and h, and the 
new constraints of d are i and j. Since h and j receive distinct colors, we have |c| > 5 or 

|d!| > 5 or c 7^ d. 

- c 7^ d. Let a G c, g" d. We color h in a color other than a. We color g, f, j, i and k 
successively. Thus, either \d\ > 5 or a G c so c ^ d. 



22 







By §8§, we color /, g, h,i,j and k in such a way that c ^ d if \c\ = \d\ =4. We color a, b and e. 
Either |c| > 2 (resp. jd| > 2), and we color d and c (resp. c and d). Or |c| = \d\ = 1 and c d, 
we color d and c independently. 

□ 

Claim 11. G cannot contain (C\\). 

Proof. We name the edges according to Figure[l9j By minimality we color G \ {a, . . . , e}. Without 
loss of generality we consider the worst case, i.e. \d\ = |e| = 2, \a\ = \c\ = 3 and |6| = 4. We 
consider two cases depending on whether e C b. 



v 




x 



Figure 19: Notations of Claim [TT] 

• e (/Lb. Then we color e in a color that does not belong to b. We can delete successively b, a, c 
and d. 

• e C b. Then, since |c| + \d\ > \b\ and d C b, there exists a £ (c fl d) U ((c U d) \ 6). We color c 
and d in a if possible, in an arbitrary color otherwise. Note that since e C b, we have |e| > 1 
in both cases. We delete successively b, e and a. 

□ 

Lemma 0] holds by Claims 111 to ITT1 

□ 

5 Discharging rules 

We design discharging rules R\, R2, ■ ■ ., (see Figure |20t: 
For any face / of degree at least 4, 

• Rule R\ is when d(f) = 4 and / is incident to a vertex v of degree d(v) < 5. Then / gives 1 
to v. 
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• Rule R2 is when d(f) > 5 and / is incident to a vertex v of degree d(v) < 5. Then / gives 2 
to v. 

For any vertex u of degree at least 7, 

• Rule i?3 is when u has a weak neighbor v of degree 3. Then u gives 1 to v. 

• Rule i?4 is when u has a semi-weak neighbor v of degree 3. Then u gives 5 to v. 

• Rule i?5 is when it has a weak neighbor v of degree 4. Then u gives 5 to v. 
For any vertex u of degree 8, 

• Rule Rq is when u has an E 2 -neighbor v. Then u gives ^ to i> . 

• Rule R-? is when it has an ^-neighbor v. Then it gives | to v. 

• Rule i?s is when it has an .^-neighbor v. Then it gives \tov. 
For any vertex u of degree 7, 

• Rule Rg is when it has an S^-neighbor v. Then it gives \ to u. 

• Rule R\q is when it has an S^-neighbor v. Then it gives | to u. 

• Rule i?n is when it has an ^-neighbor v. Then it gives \ to v. 





1 



u (£) ® « weak u (g) ® 1; weak « © @ w weak 

R3 Ra R5 



u ® O « £2 u 

-R6 R7 
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Figure 20: Discharging rules. 
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Note that according to these rules, only vertices of degree at most 5 receive weight, and only 
faces of degree at least 4 and vertices of degree at least 7 give weight. Note that the notation Ei 
and Si corresponds to the fact that a vertex u gives a weight of \ to every E; c or S^-neighbor. 

Lemma 5. A planar graph G with A(G) < 8 that does not contain Configurations (C\) to (Cn) is a stable 
set. 

Proof. We can assume without loss of generality that G is connected (if it is not, we simply con- 
sider a connected component of G, as it verifies the same hypothesis). Assume by contradiction 
that G is not a single vertex. Thus G is connected and contains at least one edge. According to 
Configuration (C\), every vertex x of G verifies d(x) > 3. We consider a planar embedding of G. 
We attribute to each vertex u a weight of d(u) — 6, and to each face a weight of 2d(f) — 6. We apply 
discharging rules R\, R 2 , ■ ■ ■, Rn- We show that all the faces and vertices have a weight of at least 
in the end. 

Note that the degree of a face is the number of vertices on its boundary, while walking through 
a facial walk (i.e. some vertices are counted with multiplicity). The discharging rules on the faces 
also apply with multiplicity: R± and R2 apply to each vertex of degree at most 5 incident to / as 
many times as it appears on the boundary of /. 

Let / be a face in G. By Configuration (Ci), no two vertices of degree at most 5 are adjacent. 
Thus / is incident to at most [^Aj vertices of degree < 5. We consider four cases depending on 
d(f). 

1. d(f) = 3. Then / has an initial weight of and gives nothing, so it has a final weight of at 
least 0. 

2. d(f) = 4. Face / is incident to at most 2 vertices of degree < 5. So / has an initial weight 
of 2 and gives at most two times 1 according to R\. Thus / has a final weight of at least 

2 - 2 x 1 > 0. 

3. d(f) = 5. Face / is incident to at most 2 vertices of degree < 5. So / has an initial weight 
of 4 and gives at most two times 2 according to R2. Thus / has a final weight of at least 

4 - 2 x 2 > 0. 

4. d(f) > 6. Face / is incident to at most L^p-J < vertices of degree < 5. So / has an initial 
weight of 2 x d(f) — 6 and gives at most ^rp- times 2 according to R 2 - Thus / has a final 
weight of at least 2 x d{f) -6-2x^ = d(f) - 6 > 0. 

So all the faces have a final weight of at least after application of the discharging rules. Let 
us now prove that the same holds for the vertices. 

Let x be a vertex of G. We consider different cases corresponding to the value of d(x). 

1. d{x) = 3. Vertex x has an initial weight of —3. We show that it receives at least 3, thus has a 
non-negative final weight. By Configuration (Ci), the three neighbors of x are of degree 8. 
We consider four cases depending on the degrees of the three faces /1, f 2 and f% incident to 
x. We assume d(fi) > d(f 2 ) > d(f 3 ). Let u\, u 2 and u% be the three neighbors of u, where for 
every i G {1, 2, 3}, the edge (x, Uj) belongs to and fa (subscripts taken modulo 3). 
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(a) d(/i) >5andd(f 2 ) > 4. 

So x receives 2 from f\ by i?2/ and at least 1 from f 2 by Ri or i? 2 - 

(b) d(/x) = d(h) = d(f 3 ) = 4. 

So x receives 1 from each fa by R\ . 

(c) d(f 1 ) = d(f 2 )=4andd(h) = 3. 

So x receives 1 from both f\ and f 2 by Besides, x is a semi- weak neighbor of u\ and 
U3, so x receives \ from ui and u 2 by -R4. 

(d) d(h)>5andd(f 2 ) = d(f 3 ) = 3. 

So x receives 2 from /i by i?2- Vertex x is a weak neighbor of U3, so x receives 1 from 113 
by i? 3 - 

(e) d(h) = 4, and d(f 2 ) = d(/ 3 ) = 3. 

So a; receives 1 from /1 by Besides, x is a weak neighbor of 113 and a semi- weak 
neighbor of ui and u 2 , so x receives 1 from 113 by -R3, and \ from both and u 2 by -R4. 

(f) d(h) = d(f 2 ) = d(f 3 ) = 3. 

Then x is a weak neighbor of u\, u 2 and u 3 , so x receives 1 from u\, u 2 and 113 by i?3. 

2. d(x) = 4. Vertex x has an initial weight of —2. We show that it receives at least 2, thus has 
a non-negative final weight. By Configuration (Ci), the four neighbors ui, u 2 , u 3 and U4 of 
x are of degree at least 7. We consider three cases depending on how many triangles are 
incident to x. 

(a) Vertex x is incident to at most 2 triangles. 

Then x is incident to at least two faces f\ and f 2 with d(fi), d(f 2 ) > 4. So x receives at 
least 1 from both f\ and f 2 by R\ or R 2 . 

(b) Vertex x is incident to exactly 3 triangles (x, ui,u 2 ), (x, u 2 , 113) and (x, 113, 114). 

Then x is incident to a face f\ with d(/i) > 4. So x receives at least 1 from fi by R\ or 
i?2- Besides, x is a weak neighbor of u 2 and u 3 , so x receives \ from both u 2 and U3 by 

(c) Vertex x is incident to 4 triangles. 

Then x is a weak neighbor of u\, u 2 , 113 and U4, so x receives ^ from m, u 2 , 113 and 114 by 

3. d(x) = 5. Vertex x has an initial weight of —1. We show that it receives at least 1, thus 
has a non-negative final weight. By Configuration (Ci), the five consecutive neighbors 
u\, u 2 , 113, U4 and u 5 of x are of degree at least 6. 

In the case where x is incident to a face / with d( f) > 4, vertex x receives at least 1 from 
/ by R\ or R 2 . So we can assume that x is incident to five triangles (x,u\,u 2 ), (x,u 2 ,U3), 
(x,U3,U4), (x,U4,us) and (x,u 5 ,ui). We consider four cases depending on the number of 
vertices of degree 6 incident to x. 

(a) Vertex x has at least three neighbors of degree 6. 

By Configuration (Cn), they cannot appear consecutively around x, so they are ex- 
actly three. Without loss of generality, we assume d(ui) = d(u 2 ) = d(u4) = 6, hence 
d(u3), d(u 5 ) > 7. Then x is an E 2 - or S^-neighbor of U3 and u$, so it receives \ from both 
U3 and W5 by Rq or R 9 . 
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(b) Vertex x has exactly two neighbors of degree 6. 

We consider two cases depending on whether these vertices of degree 6 appear consec- 
utively around x. 

i. Vertex x has two consecutive neighbors of degree 6. 

We can assume w.l.o.g. that d(u\) = d(u2) = 6, and that d(uz) > d(u^,). We consider 
three cases depending on d{u^) and d(u^). 

A. d(u 3 ) = d(u 5 ) = 8. 

Then x is an ^-neighbor of U3 and 1*5, so x receives \ from both 113 and by 

Rq. 

B. d(u 3 ) = 8,d(u 5 ) = 7. 

Then x is an ^-neighbor of U3, an S3- or ^-neighbor of u§ (depending on the 
degree of 114), and an S4- or ^-neighbor of U4, so x receives ^ from u% by Rq, 
and at least \ from both U4 and 115 by Rj, Rio or Ru. 

C. d(u 3 ) = d(u 5 ) = 7. 

Then x is an ^-neighbor of 113 and 115, and an S3- or ^-neighbor of 114, so x 
receives 5 from 113, U4 and U5 by R7 or i?io. 

ii. Vertex x has no two consecutive neighbors of degree 6. 

We can assume without loss of generality that d(u±) = d{u\) = 6 and that d(u2) > 
d(us). We consider two cases depending on d(us). 

A. d(u 3 ) = 8. 

Then d{u2) = 8. Vertex x is an E3- or S^-neighbor of 115, and an ^-neighbor of 
U2 and U3, so x receives at least | from ui, U3 and u$ by R7 or Rq. 

B. d(u 3 ) = 7. 

Then x is an E2- or ^-neighbor of 115, and an 53-, S4- or ^-neighbor of U2 and 
U3, so x receives ^ from U5 by i?6 or Rg, and at least ^ from 112 and U3 by R7, R\o 
or i?n. 

(c) Vertex x has exactly one neighbor of degree 6. 

We can assume without loss of generality that d(u\) = 6, and d(u2) > d(u$) or d(us) > 
d{u4) if d(u 2 ) = d(us). We consider three cases depending on d{u$) and d(u 3 ). 

i. d(u^) = 8 and d(us) = d{u,4). 

Then x is an ^-neighbor of 112 and U5, so it receives | from both by i?7. Besides, 
since <i(u 3 ) = ^(1x4), vertex x is an S4- or ^-neighbor of M3 and U4, so it receives \ 
from both by Rg or Ru. 

ii. d(«s) = 8 and d(u3) / d{u4). 

Then d(«2) = ^(^3) = 8 and d(v,4) = 7. Vertex x is an ^-neighbor of U2, 113 and 115, 
so it receives | from each by i?7. 

iii. d(u 5 ) = 7. 

Then vertex x is an E 3 -, E4- or ^-neighbor of every Ui for z € {2, 3, 4, 5}, so it 
receives at least \ from each by R7, Rg or Ru. 

(d) Vertex x has no neighbor of degree 6. 

We consider three cases depending on the degrees of the it/s. 

i. Vertex x has at least 4 neighbors of degree 8. 

Then x is an E3- or .^-neighbor of each of them, so it receives at least \ from each 
by R7 or Rg. 
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ii. Vertex x has two consecutive neighbors of degree 7. 

We consider w.l.o.g. that d(u±) = d{u2) = 7. Then x is an S4 -neighbor of u\ and u-i, 
so it receives at least \ from each by R\\. Vertex x is also an S4- or ^-neighbor of 
u 3 and u 5 , so it receives at least \ from each by R 7 or Ru. 

iii. Vertex x has at most 3 neighbors of degree 8, and /zas no too consecutive neighbors of degree 
7. 

Since x is only adjacent to vertices of degree 7 or 8, we consider w.l.o.g. that d(u±) = 
d(v,3) = 7, and d{v,2) = d{ui) = d(u^) = 8. Then x is an ^-neighbor of U2, U4 and 
U5, so it receives | from each by R 7 . 

4. d(ar) = 6. Vertex x has an initial weight of 0, gives nothing away and has a final weight of at 
least 0. 

5. d(x) = 7. Vertex x has an initial weight of 1. We show that it gives at most 1, thus has a 
non-negative final weight. By Configuration (Ci), the neighbors of x have degree at least 4, 
and x has at most 3 weak neighbors of degree at most 5. We consider four cases depending 
on the weak neighbors of x. 

(a) Vertex x has an S2-neighbor v. 

Let v, wi,W2,W3, W4, W5 and wq be the consecutive neighbors of x. By definition of an S2- 
neighbor, d(w\) = d(wg) = 6. By Configuration (Cg), if W2 (resp. 1^5) is a weak neighbor 
of x, then d(w2) > 5 (resp. d{w^) > 5). Assume w.l.o.g. that d(wz) > d{wi). Then by 
Configuration (Ci), if w 3 and w 4 are adjacent then d(w 3 ) > 5. Thus x has at most two 
weak neighbors of degree at most 5: v and possibly W4. Besides, d(v), d(w±) > 3. By 
Rules i?5, Rg, Rio and Ru, vertex x gives at most \ to each. 

(b) Vertex x has at least two weak neighbors of degree 4. 

By Configuration (Cg), x is adjacent to no other weak neighbor of degree 4, and no S2, 
S 3 or S4 -neighbor. Thus x gives \ to each of the two weak neighbors of degree 4 by R 5 . 

(c) Vertex x has exactly one weak neighbor v of degree 4 and no S2-neighbor. 

If x has an ^-neighbor v 2 , then by Configuration (C10), it has no other neighbor of 
degree at most 5. Thus x gives \ to v by -R5, | to V2 by i?io- 

If x has no ^-neighbor, then x has at most two other weak neighbors v\ and V2 of 
degree at most 5, which are of degree 5 by assumption. So x gives \ to d by R§, \ to ui 
and V2 by i?n. 

(d) Vertex x has no weak neighbor of degree 4, and no S2-neighbor. 

Vertex x has at most three weak neighbors v\, v 2 and ^3 of degree at most 5, which are 
of degree 5 by assumption. So x gives at most \ to each by R w or Ru. 

6. d(x) = 8. Vertex x has an initial weight of 2. We show that it gives at most 2, thus has a non- 
negative final weight. By Configurations (C\) and (C2), vertex x has at most 4 neighbors 
that are either semi- weak with degree 3 or weak with degree at most 5. We consider eight 
cases depending on the neighborhood of x. 

(a) Vertex x has at least two weak neighbors vi and t> 2 of degree 3. 

Then by Configuration (C3), vertex x has exactly two neighbors of degree at most 5. 
Thus x gives 1 to v\ and V2 by R3. 
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(b) Vertex x has exactly one weak neighbor v\ of degree 3, and at least one semi-weak neighbor V2 
of degree 3. 

Then by Configuration (C4), vertex x has at most one other neighbor v$ of degree at 
most 5. By assumption, vertex V3 is not a weak neighbor of x of degree 3, so x gives at 
most \ to «3 by R4, R5, Rq, Rj or Rg. Vertex x gives 1 to v\ by R3, and \ to «2 by R4. 

(c) Vertex x has exactly one weak neighbor v\ of degree 3, no semi-weak neighbor of degree 3, and 
at least two weak neighbors V2 and V3 of degree 4. 

Then, by Configuration (C5), vertex x has no other weak neighbor of degree at most 5. 
By assumption, it has no semi-weak neighbor of degree 3. So x gives 1 to v\ by R3, \ to 
V2 and V3 by R5. 

(d) Vertex x has exactly one weak neighbor v\ of degree 3, no semi-weak neighbor of degree 3, ex- 
actly one weak neighbor V2 of degree 4, and at least one E2- or E^-neighbor V3. 

By definition of E2- and ^-neighbor, vertices x and V3 have a common neighbor V4 of 
degree at most 7, which by Configuration (C\) has degree 6 or 7. Then, by Configura- 
tion (Cq ), vertex x has no other neighbor of degree at most 5. So x gives 1 to v\ by R3, 
\ to v 2 by iis, at most \ to V3 by Rq or i?7. 

(e) Vertex x has exactly one weak neighbor v\ of degree 3, no semi-weak neighbor of degree 3, exactly 
one weak neighbor V2 of degree 4, and no E 2 - or E 3 -neighbor. 

Then x has at most two other weak neighbors v% and V4 of degree at most 5, which are 
by assumption ^-neighbors. So x gives 1 to v\ by R3, \ to V2 by -R5, | to V3 and by 

(f) Vertex x has exactly one weak neighbor v\ of degree 3, no semi-weak neighbor of degree 3, no 
weak neighbor i>2 of degree 4, flnrf at least an E2-neighbor V2- 

Then by Configuration (C7), vertex x has at most one other weak neighbor ^3 of degree 
at most 5, which is by assumption of degree 5. So x gives 1 to v\ by R3, at most \ to V2 
and V3 by Rq, R7 or 

(g) Vertex x has exactly one weak neighbor v\ of degree 3, no weak neighbor V2 of degree 4, no 
semi-weak neighbor of degree 3, and no E2-neighbor. 

Then x has at most three other weak neighbors V2, V3 and of degree at most 5, which 
are by assumption of degree 5. Vertex x has no ^-neighbor, so they are E3 or K4- 
neighbors of x. So x gives 1 to v\ by R3, at most | to V2, V3 and V4 by -R7 or Rg. 

(h) Vertex x has no weak neighbor of degree 3. 

Then x has at most four neighbors v\, V2, V3 and V4 of degree at most 5 that are either 
weak with degree at least 4 or semi-weak with degree 3. So x gives at most | to each 
by R4, i?5, Rq, R7 or Rg. 

Consequently, after application of the discharging rules, every vertex and every face of G has 
a non-negative weight, Q\E\ - 6|V| - 6|F| = (2\E\ - 6|V|) + {A\E\ - 6|F|) = Et, e yK^) - 6) + 
^j gF (2(i(/) — 6) > 0, a contradiction to Euler's Formula. 

□ 

6 Proof of Theorem [5] 

Let G be a minimal planar graph with A(G) < 8 such that G is not 9-edge-choosable. By LemmaSJ 
graph G cannot contain (C\) to (Cn). Lemma|5]implies that G is a stable set, thus 9-edge-choosable, 
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a contradiction. 



□ 



7 Conclusion 

The key idea in the proof lies in some recoloring arguments using directed graphs (see Claims [HH] 
and [6] for occurrences of it in the proof). It allowed us to deal with configurations that would not 
yield under usual techniques, and thus to improve Theorem|4] Though this simple argument does 
not seem to be enough to prove Conjecture |2] for A = 7, it might be interesting to try to improve 
similarly Theorem [3] 

Note that the proof could easily be adapted to prove that planar graphs with A > 8 are ( A + 1)- 
edge-choosable. This would however be of little interest considering the simple proof for A > 9 
presented in |6|. 

Conjecture |2] remains open for A = 5, 6 and 7. It might be interesting to weaken the conjecture 
and ask whether all planar graphs are (A + 2)-edge-choosable. This is true for planar graphs with 
A > 7 by Theorems S] and |5] What about planar graphs with A = 6? 
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